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Abstract We review the performance of state estimation procedures for quantum states with
arbitrary finite dimension. We compare the cases of universal and multi-phase covariant
estimation. We discuss the form of the optimal measurements in various cases when a single
system is available.
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1 Introduction

The limits to the precision achievable in the estimation of unknown quantum states repre-
sent a topic of fundamental interest.1 Moreover, the detection process is usually the final
step in any quantum information task and therefore the issue of measuring quantum states
in the most efficient way is a central one. The efficiency of the estimation process depends
crucially on the a priori information available about the states to be estimated. In this work
we review some results related to the limits on estimation procedures for finite dimensional
systems in the cases where no a priori information is available (universal case) and where
some information about the form of the states is known and only some phases need to be
estimated (phase covariant case). We stress that the latter case in particular has relevant ap-
plications in quantum computation and quantum information. For example, it was shown
that the existing quantum algorithms can be described in a unified way as quantum interfer-
ence processes among different computational paths where the result of the computation is
encoded in a phase shift [2]. Moreover, the design of optimal phase measurement procedures
is also crucial in various tasks of atomic physics, such as for example methods for precision
spectroscopy [3], and quantum interferometric experiments in quantum optics.

C. Macchiavello (�)
Dipartimento di Fisica “A.Volta” and IUSS, Via Bassi 6, 27100 Pavia, Italy
e-mail: chiara@unipv.it

1For a pedagogical review on the main concepts in state discrimination and state estimation see [1].
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We also want to point out that the possibility of employing quantum systems with (finite)
dimension higher than two in quantum information been recently triggered much interest. In
particular, it has been shown that an increase in the dimension leads to a better performance
of various quantum information protocols, such as for example quantum cryptography [4–6]
and some problems in distributed quantum computing [7]. Moreover, a relevant experimen-
tal effort has been recently spent in the generation, manipulation and detection of quantum
systems with higher dimension [8, 9].

The paper is organised as follows. In Sect. 2 we review the efficiency limits for state
estimation in the universal case. In Sect. 3 we consider the multiple phase covariant case and
present a discretised solution for the optimal measurement strategy. In Sect. 4 we compare
the explicit construction of the measurement procedures in the two cases for a single system
in finite dimension d (qudit), and analyse for completeness also the case of single phase
estimation on a qudit system. Finally, we close the paper by summarising the main results
in Sect. 5.

2 Universal Estimation of Qudits

In this section we consider the case where we are given N copies of a completely unknown
pure quantum state |ψ〉 with arbitrary finite dimension d and we briefly review recent results
about the limits of its estimation as functions of N and d . We are interested here in universal
estimation, namely we optimise the efficiency of the estimation procedure by averaging over
all possible input states. We study the efficiency in terms of the fidelity of the reconstructed
state, which is given by

Fu(N) =
∫

d�ψ

∑
μ

pμ(ψ)|〈ψ |ψ̄μ〉|2, (1)

where pμ(ψ) is the probability of finding outcome μ (to which we associate candidate |ψ̄μ〉
as the best guess in the estimation), given that the inputs were in state |ψ〉, and the inte-
gration is performed to average over all possible input states. The above fidelity quantifies
how close, on average, the guessed state is to the actual one. Following the original approach
of [18], we notice that this problem is related to the problem of universal cloning for finite di-
mensional systems [16], where N copies of an unknown input states are transformed into M

output copies. If we denote by F
opt
cl (N,M) the optimal cloning fidelity of the input–output

single copy, the following relation with the optimal fidelity for state estimation holds [18]

F
opt
cl (N,∞) = F opt

u (N), (2)

namely the optimal state estimation fidelity corresponds to the optimal cloning fidelity in
the limit of an infinite number of output copies. The relation (2) was later proved to hold for
the multi-phase covariant case [10], which will be addressed in the following section, and
recently its general validity was shown [11]. Therefore, it provides a useful tool to establish
the efficiency limits in the performance of state estimation from cloning properties, or vice
versa.

In the universal case, by exploiting the results of [16] on optimal cloning transformations
and the above relation, the optimal fidelity for universal state estimation turns out to be of
the form

F opt
u (N) = N + 1

N + d
. (3)
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In the next section we will compare the above expression with the optimal fidelity for
multiple phase estimation.

3 Multiple Phase Estimation

In this section we assume that some a priori information about the states to be estimated is
available and assume in particular that they are “equatorial states”, defined as

|ψ({φj })〉 = 1√
d

(|0〉 + eiφ1 |1〉 + eiφ2 |2〉 + · · · + eiφd−1 |d − 1〉), (4)

where {|0〉, |1〉, |2〉, . . . , |d − 1〉} represents a basis for the system under consideration and
{φj } denotes a set of d − 1 independent phase-shifts (φj ∈ [0,2π]). The estimation prob-
lem then reduces to optimally estimate d − 1 independent phase shifts and can then be cast
in the framework of quantum estimation theory for multiple phase shifts induced by com-
muting operators on a quantum state [13]. The formulation of the multiple phase estimation
problem [13] is a generalisation of the single phase estimation problem addressed in [12,
15] and extended in [14]. We briefly review the main steps here in the specific case of N

identically prepared equatorial states (4). We will find the optimal form for the reconstruc-
tion fidelity and also the explicit form of the optimal measurement procedure in terms of
positive-operator valued measurement (POVM) [12].

The efficiency of the multi-phase estimation procedure is evaluated in general in terms of
a cost function C({φ̄j }, {φj }) which depends on the set of the d − 1 estimated values {φ̄j },
that are the results of the estimation procedure, and on the set of the d − 1 true values {φj }.
The cost function quantifies the errors for the estimates {φ̄j } given the true values {φj }.
By assuming that the values of the phase shifts are completely unknown and they are a
priori uniformly distributed in the interval [0,2π ], the estimation problem then consists in
minimizing the average cost C̄ of the procedure, defined in this case as

C̄ =
∫ 2π

0

dφ1

2π
· · ·

∫ 2π

0

dφd−1

2π

∫ 2π

0
dφ̄1 · · ·

∫ 2π

0
dφ̄d−1C({φ̄j }, {φj })p({φ̄j }|{φj }). (5)

In the above expression p({φ̄j }|{φj }) is the conditional probability of estimating the
set of values {φ̄j } given the true values {φj }, namely p({φ̄j }|{φj })dφ̄1 · · ·dφ̄d−1 =
Tr[dμ({φ̄j })|ψ({φj })〉〈ψ({φj })|] and dμ({φ̄j }) denotes the POVM.

In this work we consider the case where the errors in the estimates are weighted inde-
pendently of the values φj of the phases, but they depend only on the values of the differ-
ences φ̄j − φj , so that the cost function becomes an even function of d − 1 variables, i.e.
C({φ̄j }, {φj }) ≡ C({φ̄j − φj }). From these requirements it follows that also the conditional
probability corresponding to the optimal estimation procedure will depend only on the vari-
ables φ̄j − φj , and therefore the optimal POVM can be considered of the phase-covariant
form

dμ({φ̄j }) = e
−i

∑d−1
j=1 φ̄j Ĥj χe

i
∑d−1

j=1 φ̄j Ĥj
dφ̄1

2π

dφ̄2

2π
· · · dφ̄d−1

2π
, (6)

where Ĥj = ∑N

k=1 |j 〉〈j |k , and |j〉〈j |k denotes the projection operator onto the state |j〉 of
the kth qudit. In the above equation χ is a positive operator satisfying the completeness
constraints needed for the normalization of the POVM

∫
dμ({φj }) = 1, where 1 denotes

the identity operator.
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The cost functions usually considered are 2π -periodic functions in the variables {φj },
and therefore they can be written as

C({φj }) = −
∞∑

l1,l2,...,lM=−∞
c{lj }ei

∑
j lj φj , (7)

with the condition c{lj } = c{−lj } due to the fact that the cost is a real and even function.
We will now focus on a general class of cost functions, that extends the one considered by
Holevo [15], with

c{lj } ≥ 0, ∀{lj } 
= 0. (8)

For the present case of N identical equatorial qudits the input state belongs to the sym-
metric subspace and therefore we can restrict our description of the POVM to the symmetric
basis {|n0, n1, n2, . . . , nd−1〉s ,∑d−1

j=0 nj = N}, where |n0, n1, n2, . . . , nd−1〉s is the symmetric
state of N qudits, with n0 qudits in state |0〉, n1 in state |1〉, and so on (for more details on
the rigorous derivation of the optimal POVM see [13]).

For the Holevo class the average cost is given by

C̄ = −c0 −
∑
{lj }

c{lj }
∫ 2π

0

dφ1

2π
· · ·

∫ 2π

0

dφd−1

2π
ei

∑
j lj φj

×
∑

{nj },{mj }
ei

∑
j (mj −nj )φj

s〈{nj }|�0〉〈�0|{nj }〉sχ{nj },{mj }, (9)

where χ{nj },{mj } denote the POVM matrix elements in the symmetric basis defined above,
and |�0〉 is the state to be estimated assuming that all the phase shifts vanish. In the present
scenario of N identical equatorial states

|�0〉 = |ψ({φj = 0})〉⊗N = 1√
dN

∑
{nj }

√
N !

n0!n1!n2! · · ·nd−1! |n0, n1, n2, . . . , nd−1〉s , (10)

but more generally |�0〉 can be any symmetric state of N qudits. By performing the integrals
in (9), exploiting the relation

∫ 2π

0 dφei(n−m)φ = 2πδn,m and by performing the minimisation
in (9) on the POVM elements χ{nj },{mj }, we arrive at the following expression for the mini-
mum cost

C̄ = −c0 −
∑

{lj }
=0

c{lj }
∑

{mj −nj }={lj }
|〈�0|{nj }〉s ||s〈{mj }|�0〉|. (11)

This minimum value is achieved by the optimal POVM

dμ({φj }) = dφ1

2π
· · · dφd−1

2π
|e({φj })〉〈e({φj })|, (12)

where the vectors |e({φj })〉 are defined as

|e({φj })〉 =
∑
{nj }

e
i
∑d−1

j=1 nj φj |n0, n1, n2, . . . , nd−1〉s . (13)
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We want to point out that the minimum cost (11) can be achieved also by means of a
“discretized” POVM

P̂ = 1

(N + 1)d−1

∑
{kj }

|e({φj (kj )})〉〈e({φj (kj )})|, (14)

namely a finite set of projectors defined by the vectors

|e({φj (kj )})〉 =
∑
{nj }

e
i
∑d−1

j=1 nj φj (kj )|n0, n1, n2, . . . , nd−1〉s , (15)

where in the above notation we mean that each phase-shift φj can take N + 1 discrete
values φj (kj ) = 2kjπ/(N + 1), with kj = 0, . . . ,N . This can be easily checked by using
the identities

∑N

j=0 e2πijk/(N+1) = (N + 1)δk,0 for −N ≤ k ≤ N . Notice that the identity is
guaranteed to hold if the number of discrete phases is at least N + 1 for each phase-shift to
be estimated.

In order to compare the efficiency of multiple phase estimation with the universal case,
we consider as a figure of merit the fidelity of the reconstructed state, which corresponds to
a cost function of the form 1 − F , where F is the fidelity of the estimated state |ψ({φ̄j })〉
with respect to the true state |ψ({φj })〉. This cost belongs to the class (8), and therefore the
corresponding optimal POVM is (12). By the covariance of the procedure we can write the
fidelity as

F({φj }) = |〈ψ({φj = 0})|ψ({φj })〉|2 = 1

d2

[
d + 2

d−1∑
j=1

cosφj + 2
∑
j>k

cos(φj − φk)

]
. (16)

By exploiting (11), the resulting maximal fidelity takes the explicit form

F opt
pc (N) = 1

d
+ d − 1

dN+1

N−1∑
n1=0

N−n1−1∑
n2=0

· · ·
N−n1−n2−···−1∑

nd−1=0

N !
(N − n1 − n2 − · · ·nd−1)!n1!n2! · · ·nd−1!

×
√

N − n1 − n2 − · · · − nd−1

n1 + 1
. (17)

Notice that, as expected from the fact that in this case some a priori knowledge about the
input state is available, the above fidelity is higher than the universal one for any value of N

and d .

4 Estimation of a Single Qudit

In this section we study in more detail the specific case of the state estimation for a sin-
gle qudit and comment on the corresponding forms of the optimal measurements. In the
universal case the optimal estimation fidelity (3) takes the simple form

F opt
u (1) = 2

d + 1
. (18)



2138 Int J Theor Phys (2008) 47: 2133–2140

It can be straightforwardly proved that the above average fidelity can be achieved by a
von Neumann measurement in any basis for the qudit and therefore it corresponds to an
easily implementable procedure.

The situation is different in the case of multiple phase estimation. The optimal fidelity
for a single equatorial qudit takes the explicit form

F opt
pc (1) = 2d − 1

d2
. (19)

As shown in Sect. 3, the above optimal fidelity can be achieved by a finite number of
projectors, which take the form (15). In the particular case of a single qudit the number of
such projectors is 2d−1. We can then see that in the case of qubits the optimal phase estima-
tion procedure can be realised by a von Neumann measurement in any basis of equatorial
qubit states, such as for example {(|0〉 + |1〉)/√2, (|0〉 − |1〉)/√2}. However, in dimension
higher than two the optimal multi-phase estimation cannot be achieved by an orthogonal set
of projectors. For example, in the case of qutrits the measurement with minimum number of
projectors corresponds to

P̂ = 1

4
[|e(0,0)〉〈e(0,0)| + |e(π,0)〉〈e(π,0)| + |e(0,π)〉〈e(0,π)| + |e(π,π)〉〈e(π,π)|],

(20)

with

|e(0,0)〉 = |0〉 + |1〉 + |2〉, |e(π,0)〉 = |0〉 − |1〉 + |2〉,
|e(0,π)〉 = |0〉 + |1〉 − |2〉, |e(π,π)〉 = |0〉 − |1〉 − |2〉.

(21)

The above projectors correspond to the estimated phases {φ1 = φ2 = 0}, {φ1 = π,

φ2 = 0}, {φ1 = 0, φ2 = π} and {φ1 = π,φ2 = π} respectively.
For the sake of completeness in the description of the case of a single qudit, we discuss

and compare the performance of universal and multi-phase covariant estimation with a sim-
pler case where we have even more information about the form of the input state and a single
parameter needs to be estimated. We consider the explicit case of an equatorial qudit with
only one independent phase-shift, namely of the form

|ψ({φj = jφ})〉 = 1√
d

(|0〉 + eiφ |1〉 + e2iφ |2〉 + · · · + ei(d−1)φ|d − 1〉), (22)

where φ ∈ [0,2π]. This example can be easily phrased in the framework of a single phase
estimation [12, 15, 17] and can be reduced to the optimisation problem of quantum networks
discussed in [19]. In this case the optimal POVM for cost functions of the Holevo class can
be written in the form

dμ(φ) = dφ

2π
|e(φ)〉〈e(φ)|, (23)

where the vectors |e(φ)〉 are simply given by

|e(φ)〉 =
d−1∑
n=0

einφ|n〉. (24)
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The corresponding discretised form, which achieves the same efficiency as the above
continuous one, can be achieved by a set of d orthogonal projectors {|e(2πk/d)〉, k =
0, . . . , d − 1} and therefore corresponds to a von Neumann measurement. The optimal fi-
delity takes the explicit form

F1 = 2

3
+ 1

3d2
. (25)

As expected, for d > 2 this value is higher than the cases of universal and multiple phase
estimation. We want to point out that the above expression corresponds to the optimal re-
construction fidelity for state estimation of a single qudit in state (22). If we consider the
cost function C(φ) = sin2 φ/2, which corresponds to a possible figure of merit if we want
to estimate the phase-shift φ induced by a transformation of the form exp(i

∑d−1
j=1 jĤjφ) on

the equatorial state of a single qudit, the optimal POVM is still given by (24) and the mini-
mum cost is simply given by C̄ = 1/2d , namely it vanishes as the inverse of the dimension
for increasing dimension, as expected.

5 Conclusions

We will now summarise the main points of this work. The study of the precision achievable
in the estimation of finite dimensional quantum states and of the possibility to achieve the
optimal performance by easily implementable measurement procedures represent a topic
of considerable interest, in view also of the big experimental effort which is currently in
progress to generate, manipulate and detect quantum systems in dimension higher than
two [8, 9]. In this work we have first reviewed some results related to the limits on the
optimal estimation procedures for finite dimensional systems in the universal and multi-
phase covariant cases. We stress that the present paper does not provide an exhaustive and
complete review on state estimation on finite dimensional systems. We have reported the
optimal reconstruction fidelity in both cases, even if the procedure outlined for the multi-
phase covariant case holds for estimation strategies based on a wide class of cost functions,
of which the reconstruction fidelity is only a particular case.

We have then showed that in the multi-phase covariant case a realisation of the optimal
estimation procedure can be achieved by a finite set of projectors. We have finally discussed
the explicit case of a single qudit and pointed out that the universal optimal estimation can be
achieved by a simple von Neumann measurement performed in any single qudit basis, while
in the multi-phase covariant case a von Neumann measurement corresponds to an optimal
strategy only in the particular case of a single qubit. We have finally reported the optimal
fidelity reconstruction for a single phase estimation on a qudit.
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